WHAT IS WRONG WITH ERROR POLYGONS?
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Abstract:  The error polygon technique for measuring telemetry error is invalid for estimating precision of
individual location estimates when >2 bearings are used; it is valid only for estimating average precision
over many triangulations. When 2 bearings are used, it is valid for both individual and mean error estimates.
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When radio-tagged animals are located by
triangulation, each bearing has some error, and
therefore the estimated animal location also has
some error. This locational error can be mea-
sured and used in 2 ways: (1) to measure pre-
cision of individual locations (Springer 1979,
Edge and Marcum 1985, Saltz and Alkon 1985,
Smith and Flake 1985, Kenward 1987) and (2)
to measure average precision for a telemetry
system (Andelt and Andelt 1981, Saltz and Al-
kon 1985, Kenward 1987).

Four general procedures have been used to
estimate telemetry locations and errors. First is
the ad hoc method, in which the location is
estimated to be somewhere in the middle of the
intersections of several bearings. If bearings in-
tersect more closely, the location is considered
to be more precise. This technique is rarely re-
ported in the literature, but is commonly used
for “quick and dirty” triangulations and to re-
ject locations considered to be too imprecise.
However, this method is subjective, both in es-
timating the actual location and in deciding
whether to reject locations, because one cannot
set criteria a priori to reject imprecise locations
if one has no measure of location precision.

The second technique is the error polygon
method, introduced by Heezen and Tester
(1967), in which the intersection of the arcs
formed by the confidence intervals of 2 bearings
represents an error polygon. Springer (1979) ex-
panded this idea to many bearings, and the error
polygon method has since been used by various
researchers (Andelt and Andelt 1981, Springer
1982, Thomas 1982, Edge and Marcum 1985,
Smith and Flake 1985, Kenward 1987). This
method has no definition for the actual location,
but biologists have often used the geometric cen-
ter of the polygon corners. The error polygon
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method is easily understood and worked out
graphically.

The third method, which we term the error
triangle technique, uses 3 bearings, but defines
the error polygon by the points at which the
bearings from the receiving antennas cross rath-
er than the intersection of the error arcs. Al-
though not introduced into the literature as such,
this method of producing polygons is often sub-
stituted for the error polygon method described
by Heezen and Tester (1967) and Springer (1979)
(e.g., Tidemann 1985). However, the error tri-
angle technique only works with 8 bearings, and
although one can measure the area of the tri-
angle, there is no suggested way to estimate the
probability of the true location being within the
triangle.

The fourth method uses maximum likelihood
estimators to estimate both location and preci-
sion (Lenth 1981a,b). Lenth developed these es-
timators to locate emergency radio beacons from
downed aircraft, and they have only recently
been used by wildlife biologists (White and Gar-
rott 1984, Lee et al. 1985, Garrott et al. 1986).
Although maximum likelihood estimators are
not easy to understand intuitively and can only
be estimated by computer (they are derived by
an iterative computer algorithm), they have ad-
vantages in that some can be insensitive to out-
lying bearings, such as those caused by signal
bounce (Lenth 1981b, Garrott et al. 1986). As
originally described, these techniques estimate
bearing error from each set of bearings—this
necessitates many bearings for each triangula-
tion. However, if bearing error is constant across
time and the study area, one can use error es-
timates from previous triangulations (Garrott et
al. 1986), allowing the use of only 2 bearings
per triangulation.

Of these 4 methods, the ad hoc method is
most often used to estimate location, and the
error polygon method is most often used to es-
timate precision of the location. Indeed, the use
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Examples of locations with 3 bearings, ranging from all bearings intersecting at 1 spot (i) to intersecting far apart (iv).

Part A shows only the bearings, and B shows only the error arcs. The solid shading in B shows the P? probability error polygons.
The triangulations that are intuitively less precise, A(i) to A(iv), give smaller error polygons (part B), until there is a point at which
the error polygon is effectively zero (jii). At this point, by definition of the error polygon, the location estimate should be perfect.
Then, if the bearings spread apart a little more (iv), the location estimate disappears.

of error polygons is so prevalent that biologists
talking about telemetry error often use “error
polygon” interchangeably with “telemetry er-
ror.” However, despite the wide acceptance and
seeming advantages of the error polygon meth-
od, we will show that it produces incorrect re-
sults in many cases.
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ERROR POLYGONS

The error polygon method is based on the
idea that the error arcs are independent, and
therefore the probability that the true location
lies inside all arcs at the same time is the product
of the individual arc probabilities (Springer
1979). For example, with 3 95% error arcs, the
error polygon formed by the intersection of the
arcs (Fig. 1B) would contain the location 85.7%
(0.95° = 0.857) of the time. .

Despite its seemingly logical formulation, the
error polygon method yields the following con-
trary results when used with >2 bearings:

1. The bearings that seem to be more accurate
give larger error polygons; in fact, when the
bearings intersect at a single point, seemingly
the most accurate location one could obtain,
the error polygon is the largest (Fig. 1).

2. The location estimate can be undefined (Fig.
1B iv). When the location of an animal is
undefined, that means that there is a certain
probability that the animal is—nowhere.
Bearings from these types of locations are
typically rejected.

3. When the bearings are just slightly closer
together than in the previous case (Fig. 1B
iii), the error polygon is very small. In other
words, just a small difference in the spread
of bearings is the difference between a per-
fect and a completely unacceptable location
estimate.

The root of these problems is that there are
2 different definitions for the probability that
the error polygon contains the true location. Al-
though the error polygon method estimates 1 of
these probabilities, biologists use the estimate
for both.

For the first definition, biologists have mea-
sured a single error polygon and then have want-
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Fig. 2. An intuitive explanation of the lack of independence of the probabilities of the true location lying within 3 error arcs. In
situation A the error arc C is less likely to contain the true location than in situation B.

ed to know what the probability is that the true
animal location falls within it. In this case, the
size of the error polygon measures the error of
the individual location, i.e., precision over 1 set
of triangulations. This is the probability esti-
mated in Bayesian statistics.

For the second definition the polygon method
measures the probability that all error polygons
measured for a given location enclose this lo-
cation. The average size of the error polygons
gives a measure of system error, i.e., precision
over many sets of triangulations. The smaller
the average error polygon, the more precise the
telemetry system. This is the probability esti-
mated in traditional statistical hypothesis test-
ing.

Difficulties develop when biologists use >2
bearings per location; in this situation the 2
probability definitions do not yield the same
results. The error polygon method assumes that
error arcs are independent; this assumption is
not true when measuring error of individual
locations with >2 bearings (Appendix A). Con-
sider the following. Given an error polygon from
2 bearings, the error arc of a third bearing will
be less likely to contain the true location if the
arc does not intersect the polygon (Fig. 2). That
is, the probability is dependent on the first 2
bearings. Given this lack of independence, the
error polygon method cannot estimate precision
of individual location estimates when >2 bear-
ings are used.

SIMULATION

We used a computer simulation to show that
the 2 probability definitions give the same re-

sults when 2 bearings and different results when
>2 bearings are used. We simulated taking
bearings of 10,000 different locations from 2 and
3 towers, then calculated the proportion of times
that the true locations fell within the resulting
error polygons. Ideally, to measure the proba-
bility of the true location lying within a given
specific error polygon, the simulation should
place all runs into classes with identical poly-
gons. Then, for each class, the proportion of
times the location falls into the error polygon
should be calculated. However, this was not fea-
sible because there are too many possible com-
binations of bearings. Therefore, we classified
all runs into 9 categories on the basis of the size
of the error polygon. If Springer’s (1979) meth-
od does give an accurate measure of precision
of an individual location, then within each size
class the location should fall inside the error

Table 1. The probability that an error polygon based on 2 or
3 bearings contains the true location. The expected probabil-
ities are 0.952 (0.903) and 0.95° (0.857) for 2- and 3-bearing
polygons, respectively.

Probablllty of polygon containing
the true location

Area of error polygon 2 bearings 3 bearings

<30 0.89 0.37
50 0.90 0.74
70 0.90 0.82
90 ) 0.91 0.87
110 0.90 0.88
130 0.90 0.90
150 0.92 0.91
170 0.91 0.91
>170 0.85 0.94

x 0.895 0.853










